We prove two uniqueness theorems for entire functions of finite order that share one finite value with one or two of their derivatives. ᮊ
INTRODUCTION AND RESULTS
In this paper a meromorphic function will mean meromorphic in the whole complex plane. We say that two meromorphic functions f and g Ž . share a finite value a IM ignoring multiplicities when f y a and g y a have the same zeros. If f y a and g y a have the same zeros with the same multiplicities, then we say that f and g share the value a CM Ž . counting multiplicities . It is assumed that the reader is familiar with the standard symbols and fundamental results of Nevanlinna theory, as found w x in 5 .
Rubel and C. C. Yang proved the following result.
w x THEOREM A 9 . Let f be a nonconstant entire function. If f and f Ј share two finite, distinct¨alues CM, then f ' f Ј. Ž . 
Mues and Steinmetz improved Theorem
We also mention the following result of Zhong. . On the other hand, we will use Theorem 1 to prove the next result, which gives a positive answer to Question 2 in the case when f is entire of finite order and m s n q 1.
THEOREM 2. Let f be a nonconstant entire function of finite order, let a / 0 be a finite constant, and let n be a positi¨e integer. If the¨alue a is shared by f, f
Ž n. , and f Ž nq1. IM, and shared by f Ž n. and f
For entire functions of finite order, Theorem 2 generalizes Theorem E. If in Theorem 2, ''a / 0'' is replaced by ''a s 0,'' then it is easy to show that f Ј ' cf for some constant c / 0. 
LEMMAS

Ž .
is an entire function of infinite order. Ž .
F F
w . Now suppose that is any real number that satisfies g 0, 2 y E, and for every ␣ ) 0,
Ž . as r ª qϱ. Then from 5 , 4 , and 3 , it follows that
as r ª qϱ. w . Now suppose that is any real number that satisfies g 0, 2 , and for every ␤ ) 0.
QŽ r e i . ª 0 7
Ž . < Ž .< as r ª qϱ. We now show that FЈ z is bounded on the ray arg z s . < Ž .< Assume the contrary, i.e., suppose that FЈ z is not bounded on the ray arg z s . Then from Lemma B, there exists an infinite sequence of points i Ž . z s r e where r ª qϱ, such that FЈ z ª ϱ and
Ž . as z ª ϱ. Since FЈ z ª ϱ, it follows from 7 and 2 that F z ª ϱ. H 0 we obtain that
Ž . for all z satisfying arg z s , where M s M ) 0 is some constant.
Ž . w . Ž. We have shown that 9 holds for any g 0, 2 with property 7 , and Ž . w . Ž . Ž. that 6 holds for any g 0, 2 y E with property 5 . Since Q z is a nonconstant polynomial, there exist only finitely many real numbers in w . Ž . Ž . 0, 2 that do not satisfy either 7 or 5 . We also note that the set E has linear measure zero. Therefore, since F has finite order, it can be deduced Ž . Ž . w x from 9 , 6 , the Phragmen᎐Lindelof theorem 7, pp. 270᎐271 , andL iouville's theorem, that F must be a polynomial with deg F F 1. But this Ž . Ž . is impossible because Q z is nonconstant in 2 . This contradiction proves Lemma 1.
PROOF OF THEOREM 1
First suppose that a / 0. Since f has finite order, and since f and f Ј share the value a CM, it follows from the Hadamard factorization theorem that f Ј y a QŽ z . Ž .
Ž . Ž . If Q z is nonconstant, then from 11 and Lemma 1 we obtain that F has Ž . infinite order. Since f has finite order, this is impossible. Hence Q z is a Ž . Ž . constant. Then from 10 we obtain 1 .
Ž . Now suppose that a s 0. In this case we obtain 1 from Theorem C, but we will give a proof for the convenience of the reader. In this case, f and f Ј share the value 0 CM, and so both f and f Ј have no zeros. Since f has finite order, it follows that f s e p , where p is a nonconstant polynomial. Since f Ј s pЈe p has no zeros, pЈ ' c for some constant c / 0. Thus Ž . fЈ ' cf, which is 1 when a s 0.
PROOF OF THEOREM 2
